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Abstract

Efficient analysis of structures refers to the methods which reduce the computational cost of the structural analysis. To achieve this,
the structural matrices should have some specific attributes. For this purpose, a graph theoretical force method is employed in this
study, which leads to a sparse flexibility matrices. In this method, the bipartite graph corresponding to the equivalent graph of the
original structural model is constructed. A cycle basis of the bipartite graph corresponds to subgraphs of the structural model on
which localized self-equilibrating stress systems can be formed, referred to as a generalized cycle basis of the structure. This enabled
the authors of this study to develop a fully automated procedure for the efficient analysis of planar trusses using a graph-theoretical
force method. The proposed approach combines classical structural mechanics with the concepts of graph theory. In other words,
a bipartite graph approach is employed for a systematic identification of self-equilibrating stress systems in the truss structures.

The entire procedure is implemented in MATLAB, allowing all steps to be performed automatically and three different planar trusses

are solved using proposed method.
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1 Introduction

The force method is a classical technique in structural
analysis in which the internal forces of the members are
treated as the primary unknowns, while the displacement
method determines the nodal displacements first and then
computes the corresponding internal forces.

Accordingly, when the force method is applied to
a structure, which has a degree of static indeterminacy
(DSI) less than the degree of kinematic indeterminacy
(DKI), the resulting matrices are smaller in size than
those obtained using the displacement method. This leads
to faster computational performance, particularly in iter-
ative methods which has been used for structural optimi-
zation of large-scale structures with numerous members.
However, in the structures with smaller DKI, the displace-
ment method can be more efficient.

Topological force method was developed by De C.
Henderson [1] and De Henderson and Maunder [2] for rigid-
jointed skeletal structures by a manual selection of the
cycle bases for their graph models [3]. Methods suitable
for computer are due to Kaveh [4—6]. Although, Kaveh [7]

generalized the topological methods for various types of
skeletal structures, such as pin-jointed planar trusses, ball-
jointed space trusses and rigid-jointed frames.

Algebraic methods have also been developed and
extended by Denke [8], Robinson and Haggenmacher [9],
Topgu [10], Kaneko et al. [11], Soyer and Topcu [12] and
Kaveh and Shabani Rad [13]. Mixed algebraic-topologi-
cal methods are due to Gilbert and Heath [14], Coleman
and Pothen [15, 16], and Pothen [17]. Simultaneous anal-
ysis and design can be found in the work of Kaveh and
Rahami [18], and Kaveh and Bijari [19] among many oth-
ers. These methods are simple, however the used tech-
niques reveal limited information about the utilized con-
cepts. In addition, Grubits et al. [20] and Grubits and
Movahedi Rad [21] have investigated the optimal elas-
to-plastic design of truss structures using metaheuristic
optimization algorithms.

Two graph theoretical approaches are introduced by
Kaveh [22] to generate a statical basis yielding sparse
flexibility matrices for planar truss structures. The first
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approach employs the associated graph, which was
recently investigated by Kaveh [23] and Kaveh and
Khavaninzadeh [24, 25]. The second approach employs
a bipartite graph, which is used by the authors in this
study to create a fully automated procedure for the effi-
cient analysis of planar trusses using the force method in
MATLAB [26]. It should be noted that all graphical illus-
trations presented in this study were also generated using
MATLAB R2021a [26].

2 Force method for truss structures

For a structure S with M members and N nodes, which
is p(S) times statically indeterminate, y(S) independent
unknown forces should be selected as redundants. External
reactions and/or internal forces of the structure can be cho-
sen as redundants. These redundants are considered by

q:{ql’q2""9qy(5)}T' (N

Where the superscript T denotes the transpose operator.

The constraints corresponding to redundants are
removed to obtain the corresponding statically determi-
nate structure, known as the basic structure of S. It is
important to note that a basic structure should be rigid.
Denote the joint loads as

p={ppsp,) 2

Where 7 is equal to the number of components for applied
point loads.

For a linear analysis conducted via the force method,
the stress resultant distribution r corresponding to the
applied load p may be represented as

r=B,p+Bgq. ©)]

Here, B, and B, are rectangular matrices, each with m
rows and n and y(S) columns, respectively, where m rep-
resents the number of independent components of the
member forces. Bp is referred to as the particular solu-
tion, which satisfies equilibrium under the applied load,
while B g denotes the complementary solution, con-
structed from a maximal set of independent self-equili-
brating stress systems (SESs), commonly known as a
statical basis. The force-displacement relationships are
expressed as follows:

u=Fr=F Bp+F Bgq. 4)

In matrix form is

ORGATE 4t ©

from the principle of virtual work:

B,
v|= u|. 6
[v] { BJ[ ] ©)

Combining Eq. (5) and Eq. (6), we have

R} {ﬂ[pm][go Bl]m. )

In which v represents the displacements associated
with the force components of p, and v_ indicates the rel-
ative displacements at the cuts of the basic structure.
Carrying out the multiplication yields:

Vo | _ B,F,B, B,F,B | p ®)
vo B]TFmBO B]TFmBl q
Defining

D,, = BoTFmBo

D, = BoTFmBl ©)
DIO = BlTFmBo
D, = BlTFmBl’

where the D, is known as the flexibility matrix of

structure.
We have
v,=D,p+D,q (10)
and
v.=D,p+D,gq. 1n

Considering the compatibility conditions as
v.=0, (12)
combining Eq. (12) with Eq. (11) leads to
q=-D;'D,p, (13)
which is substituted into Eq. (10), results
v, =Dy~ Dy DDy, |p=Fp. (14)
Now, for the stress resultant in a structure, we have

r=[B,~-BD,'D,]|p. (15)

3 Bipartite graph method for selection of a suboptimal
general cycle basis

The bipartite graph of a planar truss S, consisting of rect-
angular panels with or without diagonal members, is con-
structed as follows.



Associate one with each row of panels and denote them

by r, r,, ..., r,. similarly, with each column of panels,

associate one node and denote them by ¢, c,, ..., ¢, as
illustrated in Fig. 1 (a). Connect r; to ¢ if the corresponding
panel in S has a diagonal member as shown in Fig. 1 (b).
The graph obtained in this manner is called the bipartite
graph B(S) of S. A cycle of B(S) corresponded to a sub-
structure of S that contains a generalized cycle [27]. For
localizing the self-equilibrating stress systems, the cycles
for which e —c . |+|r —r . |should be chosen [27].

For an irregularity in the boundaries of planar truss,
this method can still be used [27]. For this purpose, virtual
members can be added in the deficient regions to make the
graph completely rectangular. The effect of such members
should be included in the process of generating structure's
self-equilibrating stress systems. Furthermore, if nec-
essary, the rotation function, as described in Sections 4

and 5, can be applied.
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Fig. 1 (a) A planar truss S and (b) its bipartite graph B(S)
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4 Rotation function

Kaveh [28], Kaveh et al. [29] and Kaveh and Rahmani [30]

have previously been researched on the application of rota-

tion function in the structural analysis. For a two-dimen-

sional graph, the function of rotation, rotates a graph §

with respect to a specific node O and a predefined angle Q.
This function can be stated as follows:

S, =ROT(S,,0,Q). (16)

Fig. 2 illustrates the rotation function applied to
a graph. As shown in Fig. 2, graph Sj that represented
by dashed lines, is generated by rotating graph S, (solid
lines) by 90 degrees about the reference node, which is
indicated by a cross.

Accordingly, for the structures which do not satisfy
the geometric requirements for the bipartite-graph based
method to identify the self-equilibrating stress systems,
the rotation function would be applied to the simplified
equivalent graph model of structure. Fig. 3 presents a flow-
chart to clarify the steps of the automated procedure and
to enhance the reproducibility of the proposed algorithm.

5 Examples
In Section 5, 3 examples are provided to show the effi-
ciency of the proposed procedure.

5.1 Example 1: A 60-bar planar truss

The geometry and external point loads of the 60-bar pla-
nar truss are shown in Fig. 4. This structure was previ-
ously investigated by Kaveh [23] through the associ-
ate graph method. For this truss, DSI =m — 2n + 3 = 13.
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Fig. 2 An example for the rotation function
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Draw equivalent graph
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Apply rotation function
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Add virtual members
/

Identify borders of regions
and diagonal members

V
[ Create corresponding bipartite graph ]
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[ Find a suitable cycle basis in bipartite graph J

Vv

Identify generalized cycle
basis in original graph

Apply force method using identified
self-equilibrating stress systems

\
/ Print axial forces of truss /

Vv

Fig. 3 Schematic flowchart of the proposed automated algorithm
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Fig. 4 Geometry, external point loads and support constraints of the
60-bar planar truss

Therefore, the number of generalized cycles for this truss
is equal to 13.

Due to the geometry of this structure, it is required to
rotate it by 45 degrees around the central node using the
rotation function. Additionally, several virtual members —
indicated by dashed lines — should be added to the graph
as shown in Fig. 5. Furthermore, the corresponding bipar-
tite graph for 60-bar truss is drawn, as shown in Fig. 6.

Fig. 5 Rotated graph and virtual members for the 60-bar truss
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After the identification of a suitable cycle basis in the
above-mentioned bipartite graph, as shown in Fig. 7,
the members associated with these cycles in the original

graph are selected. The collection of these members forms
a generalized cycle in the original structure. Accordingly,
the selected generalized cycles for the 60-bar truss are
illustrated in Fig. 8.

Fig. 9 depicts the B and B, which are calculated using
the self-equilibrated stress systems extracted in the previ-
ous step. The pattern of non-zero elements of B, x B[ is

illustrated in Fig. 10 (a). Subsequently, D is derived using
these matrices, as shown in Fig. 10 (b). For a clear compar-

ison, the dimensions of D, which referring as the flexibil-

Fig. 6 The corresponding bipartite graph for the 60-bar truss ity matrix of structure, is 13 x 13, while the displacement
(e} @) @) (@) (@) o o (@)
° —_— o o o
(@] (@] (@)
(@] (@] (@] @] O (@)
(@] (@) (@] (@] @] (@) (@] @] (@]
(@) o (@) (@) (@) (@) o o (@) o
(@] (@) (@] @] (@] @] (@) (@] (@] (@]
(@) (@) @) (©) (e} o o (@)
—_— o o o
(¢} o o
(@] (@) (@] (@] @] (@) (@)
(@] (@) (@] (@] @] (@] o @] (@)
(@] (@) (@] (@] (@] @]
(@] (@) (@] (@] (@] (@)
(@] (@] (@] @]
—| |o
(¢} o
@) o @) (@) (@)
Fig. 7 A suitable cycle basis in the corresponding bipartite graph for the 60-bar truss
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Fig. 8 Extracted generalized cycle basis for the 60-bar truss
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Fig. 9 (a) Pattern of non-zero elements in B, and (b) B, for the 60-bar truss
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Fig. 10 (a) Pattern of non-zero elements in B, x B[, (b) D and (c) reduced stiffness matrix for the 60-bar truss
171+ -1.51 -1.71
method results in a 47 x 47 reduced stiffness matrix, as oo 9
. . . . . . O ?’ '0) cvb‘
shown in Fig. 10 (c). This highlights the smaller size of 9 g _'
the flexibility matrix, which leads to less storage require- < ‘v?% ; ‘v@ ‘v?d,)
ments and computational cost. Finally, the internal forces 0.4 242
of 60-bar truss are calculated and illustrated in Fig. 11. ) N ) &
.7‘? ) q, L .og?. 9‘
5.2 Example 2: A 153-bar plz?nar truss ' © o e RS 3,
The geometry, external loading and support constraints ’1 29%” S 5t5 @
of a 153-bar planar truss shed are illustrated in Fig. 12. ’ 4 ’ 4
This structure was previously investigated by Kaveh and E0) S? ]l N
Khavaninzadeh [25] through the associate graph method. Lo :
L . L P 9, P H Gy
In the present study, it is analyzed using the bipartite N3 A 2.
—=5:97——4.84

graph approach using a fully automated procedure, which
is implemented in MATLAB [26].

Fig. 11 Axial forces for the 60-bar planar truss (member forces in kgf)
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Fig. 12 Geometry, external point loads and support constraints for the
153-bar planar truss

Due to the structural symmetry, only half of the truss is
considered for analysis, as shown in Fig. 13. Obviously,
since the truss structure, the applied loads, and the sup-
port constraints are symmetric before deformation, the
structure must remain symmetric after deformation.

In the next step, the graph S is drawn with a simplified
geometry. It should then rotated by 45 degrees around one
of its nodes using the rotation function. Additionally, in
the specified region where the self-equilibrated systems
are intended to form, the virtual members are added, as
shown in Fig. 14. Based on the rows and columns defined
in this specified region, the bipartite graph is constructed
as shown in Fig. 15.
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Fig. 13 The half model of the 153-bar truss shed
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Fig. 14 Rotated graph and additional virtual members for the half
model of the 153-bar truss

Columns

50 O5

Fig. 15 Corresponding bipartite graph for the half model of the
153-bar truss

To derive the required SESs in the main structure,
a maximal set of independent cycles are identified in the
bipartite graph, as shown in Fig. 16.

In the next step, the generalized cycles of the structure
are identified and illustrated in Fig. 17 using the bipartite
graph. The remaining required redundants are selected
from the support constraints which were added to the
structure due to the symmetry conditions.

Fig. 18 depicts the non-zero elements in B and B,.
The pattern of non-zero elements in B, x B is shown in
Fig. 19 (a). After computing these matrices, D is derived,
as presented in Fig. 19 (b). Accordingly, the dimensions
of D,
ture, is 5 x 5, while the displacement method results in a

which referring as the flexibility matrix of struc-

71 x 71 reduced stiffness matrix, as shown in Fig. 19 (c).
This highlights the smaller size of the flexibility matrix,
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Fig. 16 A cycle basis in the bipartite graph for the half model of the 153-bar truss
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Fig. 17 Extracted generalized cycle basis for the half model of the 153-bar truss
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Fig. 18 (a) Pattern of non-zero elements in B and (b) B, for the half model of the 153-bar truss
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Fig. 19 (a) Pattern of non-zero elements in B, x BT, (b) D and (c) reduced stiffness matrix for the half model of the 153-bar truss

which leads to less storage requirements and computa-
tional cost. Finally, the axial forces in the half model of

the 153-bar planar truss are calculated as shown in Fig. 20.
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5.3 Example 3: A 149-bar planar truss shed
Fig. 21 depicts the geometry and external point loads for
a 149-bar truss shed. This truss was previously investigated

Fig. 20 Axial forces for the half model of the 153-bar truss (kgf)
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Fig. 21 Geometry, external loading and support constraints for the
149-bar truss shed

by Kaveh and Khavaninzadeh [25] using the associated
graph method. In this study, the corresponding bipartite
graph is employed to extract the self-equilibrating stress sys-
tems. Similar to previous example, due to the symmetry only
half of the structure will be analyzed, as shown in Fig. 22.
Due to the geometry of structure, a simplified graph
corresponding to the half of the 149-bar planar truss is
constructed and rotated by 45 degrees using the rotation
function about a reference node. Next, in the specified
region where the self-equilibrated systems are intended
to form, the virtual members are added, as shown in the
Fig. 23. It is important to note that the virtual members
participate only in the formation of the bipartite graph.

10t 10kef

Fig. 22 Geometry, external loading and support constraints for the half

model of the 149-bar truss example

Fig. 23 Rotated graph with its virtual members for the half model of the
149-bar truss

Finally, the bipartite graph corresponding to the speci-
fied region is established, as shown in Fig. 24. To derive
the required self-equilibrating stress systems in the main
structure, a maximal set of independent cycles are identi-
fied in the bipartite graph, as shown in Fig. 25.

Fig. 26 presents 4 generalized cycles extracted from
the structure within the specified region using the bipar-
tite graph method. The remaining required redundants are
selected from the support constraints which were added to
the structure due to the symmetry conditions.

Accordingly, B, and B, are computed, as shown in the
Fig. 27 (a) and (b). Furthermore, the pattern of non-zero ele-
ments in the B, x B[ is also presented in Fig. 28 (a). Using
these matrices, D is subsequently derived as shown in
Fig. 28 (b). The dimensions of D,
flexibility matrix of structure, is 4 x 4, while the displace-

which referring as the

ment method results in a 70 x 70 reduced stiffness matrix, as

Rows Columns
1Q O1
2 2
3 O3
4 4
50 O5

Fig. 24 Corresponding bipartite graph for the half model of the
149-bar truss
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Fig. 25 A cycle basis in the bipartite graph for the half model of the 149-bar truss
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Fig. 26 Extracted generalized cycle basis for the half model of the 149-bar truss
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Fig. 28 (a) Pattern of non-zero elements in B, x BT, (b) D and (c) reduced stiffness matrix for the half model of the 149-bar truss

shown in Fig. 28 (c). This highlights the smaller size of the and computational cost. Finally, the internal forces of the
flexibility matrix, which leads to less storage requirements structure are determined and illustrated in Fig. 29.

Fig. 29 Axial forces for the half model of the 149-bar truss shed (kgf)



6 Conclusions

In this article, a fully automated procedure for the efficient
analysis of truss structures, employing a bipartite graph
based force method, was developed and implemented in
MATLAB [26]. To extend the applicability of the method,
the rotation function and virtual members are automat-
ically applied within this procedure to the planar truss
structures that do not satisfy the geometric requirements
of this method. Accordingly, after the identification of
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